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Abstract Hesitancy is the most common problem in 
decision making, for which hesitant flizzy set can be 
considered as a useful tool allowing several possible degrees 
of membership of an element to a set. Recently, another 
suitable means were defined by Zhiming Zhang [1], called 
interval valued intuitionistic hesitant fuzzy sets, dealing with 
uncertainty and vagueness, and which is more powerful than 
the hesitant fuzzy sets. In this paper, four new operations are 
introduced on interval-valued intuitionistic hesitant fuzzy 
sets and several important properties are also studied. 

Keywords Fuzzy Sets, Intuitionistic Fuzzy Set, Hesitant 
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1. Introduction 

In recent decades, several types of sets, such as fuzzy sets 
[2], interval-valued fuzzy sets [3], intuitionistic flizzy sets [4, 
5], interval-valued intuitionistic fuzzy sets [6], type 2 fuzzy 
sets [7, 8], type n flizzy sets [7], and hesitant flizzy sets [9], 
neutrosophic sets, have been introduced and investigated 
widely. The concept of intuitionistic fuzzy sets, was 
introduced by Atanassov [4, 5]; it is interesting and useful in 
modeling several real life problems. 

An intuitionistic fuzzy set (IFS for short) has three 
associated defining functions, namely the membership 
function, the non-membership function and the hesitancy 
function. Later, Atanassov and Gargov provided in [6] what 
they called interval-valued intuitionistic flizzy sets theory 
(1VIFS for short), which is a generalization of both interval 
valued fuzzy sets and intuitionistic fuzzy sets. Their concept 
is characterized by a membership function and a 
non-membership function whose values are intervals rather 
than real number. IV1FS is more powerful in dealing with 
vagueness and uncertainty than IFS. 

Recently, Torra and Narukawa [9] and Torra [10] 
proposed the concept of hesitant fuzzy sets, a new 



generalization of fuzzy sets, which allows the membership of 
an element of a set to be represented by several possible 
values. They also discussed relationships among hesitant 
fuzzy sets and other generalizations of fuzzy sets such as 
intuitionistic fuzzy sets, type-2 fuzzy sets, and fuzzy 
multisets. Some set theoretic operations such as union, 
intersection and complement on hesitant fuzzy sets have also 
been proposed by Torra [9]. Hesitant fuzzy sets can be used 
as an efficient mathematical tool for modeling people’s 
hesitancy in daily life than the other classical extensions of 
fuzzy sets. We’ll further study the interval valued 
intuitionistic hesitant flizzy sets. Xia and Xu [11] made an 
intensive study of hesitant fuzzy information aggregation 
techniques and their applications in decision making. They 
also defined some new operations on hesitant fuzzy sets 
based on the interconnection between hesitant fuzzy sets and 
the interval valued intuitionistic flizzy sets. To aggregate the 
hesitant fuzzy information under confidence levels, Xia et al. 
[12] developed a series of confidence induced hesitant fuzzy 
aggregations operators. Further, Xia and Xu [13, 14] gave a 
detailed study on distance, similarity and correlation 
measures for hesitant flizzy sets and hesitant fuzzy elements 
respectively. Xu et al. [15] developed several series of 
aggregation operators for interval valued intuitionistic 
hesitant fuzzy information such as: the interval valued 
intuitionistic fuzzy weighted arithmetic aggregation 
(1IFWA), the interval valued intuitionistic fuzzy ordered 
weighted aggregation (IIFOWA) and the interval valued 
intuitionistic fuzzy hybrid aggregation (IIFHA) operator. 
Wei and Wang [16], Xu et al. [17] introduced the interval 
valued intuitionistic fuzzy weighted geometric (IIFWG) 
operator, the interval valued intuitionistic fuzzy ordered 
weighted geometric (IIFOWG) operator and the interval 
valued intuitionistic fuzzy hybrid geometric (IIFHG) 
operator. Recently, Zhiming Zhang [1] have proposed the 
concept of interval valued intuitionistic hesitant fuzzy set , 
study their some basic properties and developed several 
series of aggregation operators for interval valued 
intuitionistic hesitant flizzy environment and have applied 
them to solve multi-attribute group decision making 
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problems. 

In this paper, our aim is to propose four new operations on 
interval valued intuitionistic hesitant fuzzy sets and study 
their properties. 

Therefore, the rest of the paper is set out as follows. In 
Section 2, some basic definitions related to intuitionistic 
fuzzy sets, hesitant fuzzy sets and interval valued 
intuitionistic hesitant fuzzy set are briefly discussed. In 
Section 3, four new operations on interval valued 
intuitionistic hesitant fuzzy sets have been proposed and 
some properties of these operations are proved. In section 4, 
we conclude the paper. 

2. Preliminaries 

In this section, we give below some definitions related to 
intuitionistic fuzzy sets, interval valued intuitionistic fuzzy 
sets, hesitant fuzzy set and interval valued hesitant fuzzy 
sets. 

Definition 2.1. |4, 5] (Set operations on IFS) 

Let IFS(X) denote the family of all intuitionistic fuzzy sets 
defined on the universe X, and let a, [3 G IFS(X) be given as 

<x=(ii a ,v a ), P = (fip,Vp). 

Then nine set operations are defined as follows: 



(i) 


a 1 


: =(v a , 
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In the following, we introduce some basic concepts related 
to IVIFS. 

Definition 2.2. [6] (Interval valued intuitionistic fuzzy 

sets) 

An Interval valued intuitionistic fuzzy sets (IVIFS ) a 
in the finite universe X is expressed by the form 

a = {<x, /r a (x), v a (x)>| x G X } , where /r a (x) = [ /r“ (x), 
(x)] G [1] is called membership interval of element to 
IVIFS a , while [ v~ (x), v+ (x)] G [1] is the non- 
membership interval of that element to the set a , with 
the condition 0 < (x) +v£ (x) < 1 must hold for any x G 

X . 

For convenience, the lower and upper bounds of fi a (x) 
and v a (x) are denoted by /r„ ,/r„ , v„, v„, respectively. 
Thus, the IVIFS a may be concisely expressed as 

a = <4G, v a )= {<x, [ \T a , /r+] ,[v", v+]> | x G X } (1) 



Where 0 < /r+ +vj" < 1 

Definition 2.3 |9, 11] 

Let X be a fixed set. A hesitant fuzzy set (HFS) on X is in 
terms of a function that when applied to X returns a subset of 
[0, 1] the HFS is expressed by a mathematical symbol 

E={<x, h E (x)> | x G X} (2) 

where h E (x)> is a set of some values in[0, 1], denoting the 
possible membership degree of the element x G X to the set 
E. For convenience, Xia and Xu [11] called h =h E (x) a 
hesitant frizzy element (HFE) and H be the set of all HFEs. 

Given three HFEs represented by h, h x ,and h 2 ,Torra [9] 
defined some operations on them, which can be described as: 

1) h c ={l-y\ Y G h } 

2) h x U h 2 ={max(y 1 , y 2 ) \y t £h 1 ,y 2 £h 2 } 

3) h x n h 2 ={min(y 1 , y 2 ) \y t £h 1 ,y 2 £h 2 } 
Furthermore, in order to aggregate hesitant fuzzy 

information, Xia and Xu [11] defined some new operations 
on the HFEs h, h x ,and h 2 : 

1) K © h 2 ={y 1 + y 2 -y x y 2 \y x £h 1 ,y 2 £h 2 } 

2) h x (x) h 2 ={y 1 y 2 \y t £h 1 ,y 2 £h 2 } 

3) h A ={y A | y £ h } 

4) A h={l — (1 — yY\ 7 G ft } 

Definition 2.4 [1] (Interval valued intuitionistic hesitant 

fuzzy sets) 

Let X be a fixed set, an interval-valued intuitionistic 
hesitant fuzzy set (IVIHFS) on X is given in terms of a 
function that when applied to X returns a subset of Q. The 
IVIHFS is expressed by a mathematical symbol 

E ={<x, h E (x)> | x G X} (3) 

where h E (x) is a set of some IVIFNs in X , denoting the 
possible membership degree intervals and non-membership 
degree intervals of the element x G X to the set E. 

For convenience, an interval-valued intuitionistic hesitant 
frizzy element (IVIHFE) is denoted by h = h E (x) and h be 
the set of all IVIHFEs. If a G h, then an IVIFN can be 
denoted by a = (n a , v a )= ([ \i~ x , v+J). 

For any G ft, if a is a real number in [0,1], then h 
reduces to a hesitant frizzy element (HFE) [9]; if a is a closed 
subinterval of the unit interval, then h reduces to an 
interval-valued hesitant fuzzy element (IVHFE)[1]; if a is an 
intuitionistic fuzzy number (IFN) , then h reduces to an 
intuitionistic hesitant fuzzy element (IHFE). Therefore, 
HFEs, IVHFEs, and IHFEs are special cases of IVIHFEs. 

Definition 2.5. |1, 9] 

Given three IVIHFEs represented by h, it 1 ,and/t 2 - one 
defines some operations on them, which can be described as: 

h c ={a c | a £ h } = {([v“, v+],[ /r« , /r+])| a G h}, 

h-t u h 2 ={max (a 1 ,a 2 )|a! G h 1 , a 2 G h 2 } 
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= { ([max( n ai ,n a2 ),max( n^, li+ 2 )],[ min(v ai , v„ 2 ), 
min( v+, v+)]) |«! £ h 1; a 2 £ h 2 }, 

^1 n h 2 ={min(a 1 ,a 2 ) 1% £ /i 1 ,a 2 £ h 2 } 

= { ([min( Ma, 

<Ma 2 )’ min ( Ma! - Ma 2 )]’[ maX ( V “l ’ V <*2 )- max ( V^V*,)]) |«i £ 

^1, «2 £ 

hi® h 2 — j^( \_h-ai "F h-a 2 h-aih-a2 > h-ai Ma 2 

3. Four New Operations on IVIHFEs 
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Definition 3.1 



Let hi and h 2 £ 1V1HFE (X), we propose the following operations on IVIHFEs as follows: 



1) 

2 ) 

3) 

4) 



hi @ h 2 = {([ 



Ma 1 + Ma 2 



4 ,[- 



L ]| a x £ hi , a 2 £ h 2 } 



hi $ h 2 {([-^ Maj Ma 2 ’ V 1 Ma 2 I' I y Lr 1 ^a 2 > ^“2 ^ ®1 ^ ^1 > ®2 ^ ^2 } 

cc-l E h-t , a 2 E h 2 } 



h 1# h 2 = {([ ^142 



2 Ma i Ma2 -| r^ai u a2 

J ’ L , - ,, , — 



9 ,,+ 

£dU a± u a 2J 



hi * h 2 - {([ 



Mai~*"Ma2 l 1 a\~^~ V-a.2 u a\ 
Mai + Ma2 Mai + Ma2 



Tl.fc 



a x E hi , a 2 E h 2 } 



2 (Mai Ma2+ 1 ) 9 2 (MaiMa2 +1 ) ’ 2 ( u ai t^+l) ’ 2 ( 1 )^ uJ 2 +l) 

Obviously, for every two IVIHFEs and h 2 ,( hi@h 2 ), (hi$h 2 ), (, hi#h 2 ) and (hi*h 2 ) are also IVIHFEs. 



Example 3.2 

Let fti (x)= {([0.2, 0.3], [0.5, 0.6]), ([0.5, 0.8], [0.1, 0.2])} and h 2 (x)= {([0.4, 0.6], [0.3, 0.4]), ([0.3, 0.5], [0.1, 0.2]) be two 
interval valued intuitionistic hesitant fuzzy elements. Then we have 

(ftr @ h 2 ) = {([0.3, 0.45], [0.4, 0.5]), ([0.4, 0.65], [0.1, 0.2])} 

(hi $ h 2 ) ={([0.28, 0.42], [0.38, 0.48]), ([0.38, 0.63], [0.1, 0.2])} 

(hi#h 2 ) = {([0.26, 0.4], [0.37, 0.48]), ([0.37, 0.61], [0.1, 0.2])} 

(hi*h 2 ) = {([0.27, 0.38], [0.34, 0.40]), ([0.34, 0.46], [0.09, 0.19])} 

With these operations, several results follow. 



Theorem 3.3 

For every h E IVIHFE(X), the following are true, 

(i) h @ h= h\ 

(ii) h $ h=fv, 

(iii) h # h=h; 

Proof, we prove only (i) (ii) . 

(i) Let h E IVIHFEs 

h @ h = { [ ^ , ^1],[^ , ^]| a Eh} 
_ “[ hjx 5 h-a ]> [ V a , V a ] 

Then, h @h=h 
(ii) Let h E IVIHFEs 

h $ h — {([^/ /Tft /r a , -\j [la fJ-a M \j t i a , yjva Va ]| cc £ h } 

~[ Ma 5 fta L [ , V a ] 

Then, h%h = h 



Theorem 3.4 

For h u h 2 _E IVIHFEs, 

(i) hi@ h 2 =h 2 @hi\ 
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(ii) h 2 =h 2 $h 1 -, 

(iii) h 1 #h 2 =h 2 #h 1 ; 

(iv) h-i* h 2 =h 2 *h 1 ; 

Proof. These also follow from definitions. 



Theorem 3.5 



For h u h 2 £ IVIHFE(X), 

(hi@h 2 ) c =h x @h 2 

Proof. In the following, we prove (i), (ii) and (iii), results (iv), (v) and (vi) can be proved analogously. 
(h 1 c @h 2 ) c = {[v"j ,v+ 1 ],[>i- 1 ,/i+ 1 ]|a 1 £ hj] @ {[ v~ 2 ,v+ 2 ], [/t« 2 ,/4 2 ] | a 2 £ h 2 } 

( hi @ h 2 ) c = ({[v-j ,v+ 1 ],[/r- 1 ,/r+ 1 ]| a x £ h 1 }@{[v“ 2 ,v+ 2 ],[/r- 2 ,/r+ 2 ]|a 2 £ h 2 }) c 



(ir 



ai + w a 2 v ai _ * _v a 2 i r^«i + Ma 2 l x a\ + l 1 a 2 



2 ' 2 

_/ rrA*ai + Ma 2 /*ai + /*a 2 



■(if 






]<[■ 



2 

i + 



]|«i £ hi ,a 2 £ h 2 } ) 
ai "' g2 ]| «i £ hi,a 2 £ h 2 }) 



2 



= h@ h 2 

This proves the theorem. 

Note 1 : One can easily verify that 

1. (hi%h 2 y * hi$ h 2 

2. ( hi# h 2 ) c ^ hj# h 2 

3. ( h/ * h 2 c ) c ^ hi* h 2 



Theorem 3.6 



For hi, h 2 and h 3 £ FVTHFE(X) , we have the following identities: 

(i) (hi uh 2 ) @ h .3 = (hi_ @ h 3 ) u (h 2 _ @ h_ 3 ); 

(ii) (hi Pih 2 ) @ h 3 =( @ h 3 ) n (h 2 @ h 3 ) 

(iii) (hi U h 2 ) $ h 3 = (h 3 $ h£) U( h 2 $h 3 y, 

(iv) (hi 0 h 2 ) $ h 3 = (hi$ h 3 ) 0 ( h 2 $ h 3 )\ 

(v) ((hi u h 2 )) # Ji 3 = (hi#Ji 3 ) u( h 2 #h 3 ); 

( vi ) (hi 0 h 2 ) # h 3 = (hi# h 3 ) D ( h 2 # h 3 ); 

(vii) (hi U h 2 ) * h 3 = (hi *h 3 ) U ( h 2 *h 3 ); 

(viii) (hi CJi 2 ) * h 3 = (hi *£ 3 ) D ( h 2 *h 3 y 

(ix) (hi@h 2 ) © hj= (hi © h 3 ) @( h 2 © h 3 ); 

(x) (hi@h 2 ) ® h 3 =(hi ®h 3 )@(h 2 ® h 3 ) 

Proof. We prove (i), (iii), (v), (vii) and (ix), results (ii), (iv), (vi), (viii) and (x) can be proved analogously 
Using definitions in 2.3 and 3.1, we have 



(h U/i 2 )@ h 3 = {[max( n ai , P„ 2 ), max( /r+ , /ij 2 )],[min[fv ai ,v a 2 ),min( £ h v a 2 £ h 2 } @{[ (U « 3 , 



#a 3 UVa 3 , V+]| <X 3 £ h 3 } 

_ max (n- 1 ,n~ 2 )+fia 3 max( t i+ 1 , t i+ 2 )+n + min (va 1 ,v“ 2 )+v“ 3 min ( v+j,v+ 2 ) +v+ 3 . 
\L o 9 o J?L 9 5 o 



«i £ hi,a 2 £ h 2 ,a 3 £ /i 3 } 



={[max( 



Maj 'Ma 3 
2 ' 



Ma 2 ‘ 



) , max( 



3 



^£*2 ■ ^ a 3 
2 

hi, cl 2 



- )],[ min ( 

£ (i 2 , «3 £ 



_2 

63 } 



^2+V a o . . , v ai +v a o v ai +v a o 

1 ) , mm ( ^ , 2 )]| «1 £ 



= @ h 3 ) U (h 2 @ h 3 ) 



This proves (i) 

(iii) From definitions in 2.3 and 3.1, we have 

(hi U h 2 )$ h 3 = {[max( ii~ v n~ 2 ), max( /r+ , ^ 2 )],[min['p/" 1 , v« 2 ),min( v^v^)]^ £ h l 5 a 2 £ h 2 }${[ M « 3 , 
mJ 3 ],[v« 3 , v+ 3 ]|a 3 £ h 3 } 
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= { [Jmax(fi ai ,[i a2 ) fi a3 , ^/max(it+ ,/^ 2 )a 4, ],[V min ( v a V v« 2 ) v« 3 , V min ( v+ 1# v+ 2 ) v+ 3 ]| a x £ hi,a 2 £ 
£ h 3 } 

{[ max(.y l^c(] i yj h« 3 ) ? max ( \ !-*■» i ) | . | m 1 n ( V' :T j v g3 , 7v ff2 v g3 ) , 

min(7v+ v+ , V v « 2 v ^ 3 )]l a i G a 2 £ k 2 ,a 3 e ^3} 

=(h!$h 3 ) U ( h 2 $h 3 ); 

This proves (iii). 

(v) Using definitions 2.3 and 3.1, we have 



((hi Uh 2 ))# h 3 - { [max( Ha v M« 2 ), max( ^ - &£ 2 ) ],[mini'p/ ai , v a2 ),min( v^v*,)]!^ £ h 1; a 2 £ h 2 } # {[ /r g3 , 



/4 3 ]<K 3 , v ^]l a 3 £ h 3) 

_ ,r 2 max ( ^q 1 ,[ig 2 ) 2max(/j^ 1 r 2 mini<gv gl ,v g2 )v g3 2 min ( v gl ,v g2 ) v„ 3 



= {[ 



max(/i ai ,ii a2 )+/J a3 ’ maxC^+j ,/iJ 2 ) +/i+ 2 ^’^minifv ai ,v a2 )+v a3 7 min ( v ^ ,v £ 2 ) + v + 3 



-]|«i £ hi, a 2 £ h 2 ,a 3 £ h 3 } 



={[ max , 2m _“ 2 ^_ 3 ) ,max f 2 ^ 1 "? , )] ,[ min f 2 !* 1 ** 3 , 2v _" 2V “_ 3 ) ,min ( 2 ^ lVg + 3 

Pa\ + Pas Pa2 + Pas Pa\ + P as Pa2 + Pas v ai"*" v a 3 v a2~*~ Va 3 v ai"*" v a3 

)]|«i g h l5 a 2 £ h 2 ,a 3 £ h 3 } 



=(hi#h 3 ) U (h 2 #h 3 ) 



This proves (v) 

(vii) From definitions 2.3 and 3.1, we have 
(hr uh 2 ) * h 3 = (hi *h 3 )u(h 2 *h 3 ) 



= {[max( n av fi a2 ), max( ^ , n+ 2 ) ],[min[fv ai , v g2 ),min( v^v*,)]!^ £ h x ,a 2 £ h 2 } *{[ [i a3 , /i+ 3 ],[v tt3 , 
v+ 3 ]|a 3 £ h 3 } 



= {[ 



max(/i„i,/i g2 )+/i g3 

2(max(fi gl ,/j g2 )/j- 3 +l) 



max(ji^ ,/4 2 )+t*« 3 -. r min (v«i. v « 2 )+ 
max(/j+! ,/j+ 2 )/j+ 2 +1 ’ 2(min(v gl ,v“ 2 )v 



v« 3 min ( 

a 3 +l) ’ 2(min ( 



v «l. v a 2 )+ v a3 

v o"l' v o 2 ) v a 3 +l) 



■]|«i G h u a 2 £ h 2 ,a 3 £ h 3 } 



= { [ max ( 



Pa\ ' Pas 
2 (Max Ma 3 +1) 



ax 

V 2(u+ u+ +1 






v «2 v «3 

2(v« 2 v" 3 +l) 



) ,min 



- (h 3 *h 3 ) U (h 2 *h 3 ) 



This proves (vii). 

(ix) Using definitions 2.3 and 3.1, we have 

(h 1 @7t 2 ) © h 3 = (hi ®h 3 )@(h 2 ®h 3 ); 



{[ 



Pa\ + Pa2 Pa\ + Pa2-i r v a\ + v 



],[- 



L ]|«i 



={[^^- +fi - 3 



Pai + Pa 2 - Pai + Pa 2 , + 

2 ^«3’ 7 " «3 



v+]|a! £ h u a 2 £ h 2 ,a 3 £ h 3 } 



£ h u a 2 £ h 2 } © {[ ii a3 , /ij 3 ],[v„ 3 , v+ 3 ]|a 3 £ h 3 } 

Alffl + ^« 2 + I r t) «l + l) « 2 , - t) «l + t) fl 2 - “«l+«g 2 , + 

2 H-asbl 2 ^ v a 3 " 2 Kfl: 3’ 2 



_( r (^«l+Ma3-Mai^a 3 )+(^a2 + ^^3~^«2^«3) (Mai + P“3 ~ m3"iM^ 3 )+CM 3" 2 + ^g3~^a2^«3) -| r ( v ai +v a3~ v aj v a3)+( v a 2 +v «3 ~ V «2 V «3^ 

U 2 ’ 2 2 

-]|«! £ h ,a 2 £ h 2 ,a 3 £ h 3 } 



= (hi ®h)@(h 2 ®h 3 ) 
This proves (ix) 



Theorem 3.7 

For h 3 and h 2 £ IVIF1FS (X), we have the following identities: 
(i) (h 1 ®'h 2 ) fl ( h 3 ® h 2 ) = h x ® h 2 ; 
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(ii) (hi® h 2 ) U (h 1 ®h 2 ) = h 1 ®h 2 ; 

(iii) (h® h 2 ) n ( h i@ h 2) = h@ hj, 

(iv) (hi® h 2 ) U ( /i 1 @ h 2 y= hi® h 2 ; 

(v) (^! ® h 2 ) fl ( ^(5) ft 2 )= h x ® h 2 ; 

(vi) ®_h 2 ) UJhi@h 2 ^hi@h 2 ; 

(vii) (ft 1 ©ft 2 ) Pi ( h-L$ h 2 )= h x $ h 2 , 

(viii) (ft 1 ©/i 2 ) U ( h-iS h 2 )= hi® h 2 ; 

(ix) (hi ® h 2 ) fl ( S q $ h 2 )= h t ®h 2 ; 

(x) (h x ®Ji 2 ) U $h 2 )=h 1 $ h 2 ; 

(xi) (hi® h 2 ) D( h 2 )= hx# h 2 , 

(xii) (h-t® h 2 ) U (ft 1 #ft 2 )=fti© h 2 , 

(xiii) (h-t (x) h 2 )r\ ( ft 1 #ft 2 )= h l ®h 2 \ 

(xiv) (hi (x) h 2 ) U ( ft 1 #ft 2 )= hi#h 2 

Proof. We prove (i), (iii), (v), (vii), (ix), (xi) and (xii), other results can be proved analogously. 

From definitions 2.3, 2.5 and 3.1, we have 

(hi®h 2 ) fl ( hi ® h 2 ) 

([lht2 "b M-CC2 l^ai' lhx2 ~b Ihxi lht2 M-ai]' [ ^ ' a 2 ^ a l ’ ^ a 2 ^ail) ^ { [ Mffi M«2 ' F a i 1-W i ~b ^«2 ^ 'a <X2’ 

Va 2 - v^v+JIa! £ h u a 2 £ S 2 } 

= {[ min (p" 2 + (i”, - \ 1 ~ 2 IT' , n~ r n~ 2 ) , min ()X+ 2 + p+ - [i^ 2 p+ , fi+ 2 )], 

[ max (v- v“ , v- + v“ 2 - v “ v ~ 2 ) , max (v+ 2 v+, v+ + v+ 2 - v+ v+ 2 )]| a x £ S l5 a 2 £ /t 2 } 

=[M«! M«2 > ^ 2 )M V «1 + V «2 “ V «1 V «2 > V «1 + V «2 - V «1 V « 2 ]I a l £ “2 G S 2 } 

= h\ ® h 2 



This proves (i) 

iii) Using definitions 2.3, 2.5 and 3.1, we have 

(ft 1 ©ft 2 )n( = h@h 2 \ 



{ ([^2 "b Fa q Fa2Fa q ^Fa2 "b ih( ] Fa 2 Fa q ]' [ W:; 
‘«! + /l«2 j r U g 1 + U g 2 + V a 2 H n _r- U „ Z 1 



V ai ,v+ 2 V+J) I a! £ h u a 2 



r n (f + 



= {[ min (p~ 2 + )T“ 



V-OL2 ^ a l 



Ma 1 + Ma 2 



) ? min |i a2 + |i ai [i a2 [i ai 



Mai - * - ^“2 \1 

’ 2 



(v„„ V„, 



v al + v a2 



= {[' 



Mai - * - Ma2 Mai - * - Ma2-i r ^ai - * - u 

? 9 M 9 



4l a i G h u a 2 £ h 2 }= ^i@^2 



This proves (iii). 

(v) From definitions 2.3, 2.5 and 3.1, we have 
(hi ® h 2 ) fl ( h!@ft 2 ) = h 1 ®h 2 \ 



cc 1 "b v a 2 



{ [ M«2 /^«T2 

e Si, a 2 



v ai v a2 ,v^ + V, 



«2 






]!«! e ^i ,«2 g h 2 j n{[ 



Mai - * - Ma2 Mai - * - Ma2- 



G h 2 ) 



),min«/i a + 2 ,^±^- )], 
[ max (v- + v- - v-v- , Ugl ^ g2 ) , max (v+ + v+ 2 - 

{[ Mai ’ M«i Ma2]?[^ai ^2 ^ / ai^ / a2 ? ^«i ^2 

This proves (v) 

(vii) Using definitions 2.3, 2.5 and 3.1, we have 
(fti©ft 2 )n( h\§ h 2 ) = $ h 2 



v+ x v+ 2 , Va ^ Va2 )]| ai £ h u a 2 £ h 2 ) 
v «! v « 2 ]l a i £ ^i’«2 G S 2 }= hi® h 2 
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([^ct2 ~b Fax Fa 2 Fa 1 ' Fa 2 M-cc x Fa 2 Fa^] ' [ ^a 2 ^ a l , ^ a 2 ^ AO ] AO 2 ’ yj f^ai ^a 2 Lt-^/lOi Or 2 ? 

£ ^l’“2 £ 

= {[ min (n" 2 + - ^t" 2 p^ , ^/Mai AO z ) > min (fJ 2 + F^ “ fJ 2 F^ > V^«i ^ 2 )M max ( v a 2 v «i> V u «i u «2 ) > max 

(v« + 2 v+ , 7< < 2 )ll «i £ ^i ’ a 2 £ h 2 } 

— {Ly/ AOj A0 2 ’ V ^«2 ]’[ Or 2 ’ 'J^a \ ^cc 2 ]| ^1 ^ ^1> ^ ^2 } ~ ^1 $ ^2 

This proves (vii) 

(ix) From definitions 2.3, 2.5 and 3.1, we have 
(fti (x) ft 2 )n( Ah$ h 2 )= Ah (x) At 2 \ 

= {([/Ol A0 2 ’fla-L ^a 2 \’ [ v ai + V« 2 - v“ V~ 2 ,V+ + V + 2 - V^V+J) |CH £ fti, a 2 £ At 2 } H {[^AOi /t a 2 , 

Ma 2 Lt^/Of | Or 2 1 | 0*2 11^1 ^ h\, CC 2 £ Al 2 } 

{[ mln ( /O ] ^ ir 2 ? AO | A0 2 ) s mm ( AO i AO 2 , ) hi HI 11 X (v ai T V a2 V a ( V a 2 , ^ Or \ Or 2 ) ? IFI^X 

«, +V+ 2 - V+V+, V U «1 U «2 )]l a l £ ^l’ a 2 £ ^ 2 } 

= {[ AOj M«2 ’ /4i /4 2 ]>[ V «1 + v «2 “ V «1 V «2 * V ^1 + V «2 “ V ^1 V ^ 2 ]I a l £ ^1> «2 6 ft 2 } =ftl ® ^2 



This proves (ix) 

(xiii) From definitions 2.3, 2.5 and 3.1, we have 
(Ai^ (x) ft 2 )fl( R-l# h 2 )= Ah (x) h 2 ; 

= {[/2« 1 AO z '^i a£ 2 L t v «i + v « 2 _ v «i v «2' v «i + v « 2 “ v «i v i]l a i £ “2 £ ^ 2 } H {[ 

2^ £1 tt« 2 i r 2v «l v «2 2v ai v t 2 il.. p S -y t= h \ 

u + + u + ’ u - + u“ ’ u + + u + " ai ^ “1’ a 2 E “21 
I x a\'^a2 u a\' u ct2 u a\' u a2 



2 Ha 1 Ha 2 
Ha\ + Ha? 



={[ min (n p t a , ^ _ 2 ) , min (/i+ ii+ 2 , ^"^'+ 2 )],[ max (v a + v ff2 - v ai v« 2 , ^_"^"_ 2 ) , max(v+ 1 + v+ 2 

H a\' H a2 Ha -\ ' H rtn u m ' u rtn 



,+ ,,+ ^ Ha\ Ha2 



2v+ 1 uj 
-“1 ‘'“2 > „+ +„ + 



]| «i e fti, a 2 £ Ai 2 } 



= {[/!«! P t«2’ V «1 + v «2 _ V «1 V «2 ’ V «1 +v «2 _ v ^i v ^ 2 ]l a i £ ^i’ a 2 e h 2 }=h 1 ® h 2 

This proves (xiii). 



Theorem 3.8 

For Ah and h 2 E IVIHFE(X), then following relations are valid: 



(i) 


(Ai 1 #Ai 2 ) $ ( Ai 1 #Ai 2 ) = Ah# h 2 ; 


(ii) 


(Ah*Ai 2 ) $ ( Ah*Ai 2 ) = hi*h 2 . 


(iii) 


( At i ©/t 2 ) $ ( hi © Ai 2 ) = Ai 1 ©Ai 2 ; 


(iv) 


(Atj (x) h 2 ) $ ( Ah (x) h 2 ) ~ (x) At 2 


(v) 


(h x @Ji 2 ) $ ( Ah@ 7 i 2 ) = h^Ji^ 


(vi) 


(At!# h 2 ) @(h 1 #h 2 ) = h 1 #h 2 . 


(vii) 


(h 1 *h 2 )@(h 1 *h 2 ) = h 1 *h 2 - 


(viii) 


(At!© h 2 ) @ ( At! ® Ai 2 ) = h\@ h 2 ; 


(ix) 


(fttU h 2 ) @ (_ ft i n _ ft 2) = hi@h 2 ; 


(x) 


(AijU Ai 2 ) $ ( Ai 1 HAi 2 ) = Aij_$ Ai 2 ; 


(xi) 


(ftrU h 2 ) # ( ftiHft 2 ) = fti#__Ai 2 ; 


(xii) 


(AtjU h 2 ) * ( At 1 flAi 2 ) = Ai 1 *Ai 2 ; 


(xiii) 


(Aii* h 2 ) @ ( h 1 *h 2 ) = Ah*Ai 2 ; 


(xiv) 


(Ai x =+= h 2 ) $ ( Ai 1 *Ai 2 ) — Ai 1 *At 2 . 



Proof ,The proofs of these results are the same as in the above proof 



Theorem 3.9. 



For every two Ah and h 2 £ IVIHFE (X), we have: 
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(i) ((ftiU h 2 ) ©_( hi nh 2 )) @ (( hi\Jh 2 ) ® ( hir\h 2 )) = hi@h 2 ; 

(ii) ((/li U/i 2 )#( n )) $ ((hiVh 2 ) @ ( /ii C\h 2 )) = h 1 $h 2 

(iii) ((hi@h 2 ) U ( hi ®h 2 )) @ ((hi®h 2 ) C\ (hi® h 2 ))=hi@h 2 , 

(iv) (( hi@h 2 ) U (hi@h 2 )) @((hi®_ h 2 ) n ( h x @h 2 ))= hi@h 2 \ 

(v) ((hi@h 2 ) U( hj#h 2 )) @((hj® h 2 ) n (hi#h 2 )) = hi@h 2 ; 

(vi) ((hi ®h 2 )\J(hi%h 2 )) @ (( ®_ft 2 )n( ft!$ft 2 )) = hi@h 2 , 

(vii) ((hi®h 2 ) U( hi@h 2 )) @ (( /i!©/i 2 ) fl ( hi#h 2 )) = hi$h 2 . 

Proof .In the following, we prove (i) and (iii), other results can be proved analogously. 

(i) From definitions 2.3 and 3.1, we have 

((hiVh 2 ) © (hinh 2 ))@((hiVh 2 ) ® (hif)h 2 )) = 

((hiUh 2 ) © (hiCh 2 )) = 

{[max( n~ 2 ), max( ^ , hi 2 ) ], [minify^, v~ 2 ),min( v+ 1( v+ 2 )]| a x £ h u a 2 £ h 2 } © {[min( n~ 2 ) , min( /t+ , 

< 2 ) U ma^ , v“ 2 ) , max( v+ ,v+ 2 )]| £ ft l5 a 2 £ ft 2 } 

= {[ max( /t“ , /r“ 2 ) + min( /i^, /i“ 2 )-max( /t“ , /r« 2 )min( /t" 2 ) , max( , /4 2 ) + min( /t+ , ^ 2 )-max( ^ , 

ha 2 ) + min( /t+ , n+ 2 )],[ min(v“ ,v“ 2 ) maxifh/- ,vf 2 ) , min( v+ ,v+ 2 ) max( v+,v+ 2 )] 

(hiUh 2 ) ® (h 1 flh 2 ) = 

{[max( n~ 2 ) , max( /r+ , /4 2 ) ], [minify^, v“ 2 ),min( v+ ,v+ 2 }]|a! £ ft l5 a 2 £ h 2 } ® {[min( /i^, /r“ 2 ) , 
min( , < 2 ) Uma^fV” ,v“ 2 ), max( v+ i; v+ 2 )]| a x £ a 2 £ h 2 } 

= {[max( \x~ v fi~ 2 ) min( /i^, /t“ 2 ) , max( , ^+ 2 ) min( /r+ , /r+ 2 ) ], [min[fV“ , v“ 2 ) + 

max(v“ ,v“ 2 ) - min[fV“ , v“ 2 ) max['(;li/“ , v" 2 ) ,min( v+ i; v+ 2 ) +max( vf i; v+ 2 ) - min( v+ 1( v+ 2 ) max( v+ i; v+ 2 ) ]| a x £ 
hi,a 2 £ h 2 } 

((/iiU/i 2 ) © (hinh 2 ))@((h 1 Uh 2 ) ® (/t 1 n/t 2 )) = 



( |- { max ( % + min( ~ max ( mln ( ^ 1 ^2 )}+max( min( % 
lL 2 ’ 

'4 2 ) + min (/« 1 ^ 2 )-max(/;+ 1 ,/i+J + min( ^ ,^ 2 )} + max ( ^ } min( ^ 

2 

maxl^-j.v^) -l-mini'fV-j.v-j) + max^/i^)- mini^-j.v-j) maxi^^.v^) 



nin( ,v + 2 ) max( ,v + 2 ) +min( ,v + 2 ) + max( ,v + 2 ) - min( ,v + 2 ) max( ,v + 2 ) 

2 ^ 

(maxC^^-p + minC^,^) [max( ^ ,/i+J + min( ^ ,/i+J } 

^ 2 ’ 2 ’ 
minfv-j.v^) maxS^/i/^) +ming’Va 1 ,Va 2 ) + max^/i/^)- mini^V-j.v-j) maxS^/i^) 



[ 

min( vjj ,vi 2 ) max( ,v £ 2 ) +min( ,v £ 2 ) + max( v ,v + 2 ) - min( ,vj 2 ) max( ,v J 2 ) 



] | cri G hi,a 2 £ ft 2 } 



+ ^1+ r mini ^ i '“l' v a2) + max ( v “l' v “2) min ( v ai' v a 2 ^ max ( v ai> v a 2 ) -t i r r , 

= {[ — ^ ^ — M ^ ^ J|«i G h u a 2 £ h 2 \ 

- ( r ,l(l l + ^“2 ^ai + ^21 r V «l + ''“2 V «1 +v a 2 1 I . ^ T. . Z i 

iL — ^ ^ — J,L — ^ ^ — Jl«i G ki-«2 e h 2 \ 



= hi@h 2 

This proves (i). 

(ii) From definitions 2.3 and 3.1, we have 
(( hi®h 2 ) U (hi® h 2 )) @ (( ^©^ 2 ) fl ( hi ® h 2 )) = hi@h 2 \ 

(hi©^) fl (hi®h 2 )= {[n^ + (i" 2 - (t" 2 itf, n+j + \i+ 2 - nJ 2 HaJ, [ v~ 2 v“ , v+ 2 v+J| a x £ h u a 2 £ h 2 } U 
{[ ha x ha 2 , hi, /tj 2 ],[v“ +Vf 2 - v-^, v+ + v+ - v+v+]|a 1 £ ft l5 a 2 £ h 2 ] 
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{[ mln ( Hai Hct2 ha 2 hai ? M«2 ) ’ IHlIl (ll ai + p a2 ha 2 ha i ■ hai /^cr 2 

[ max ( v ~ 2 v" , v~ + v ~ 2 - v~v ~ 2 ), max(v + 2 v+ , v+ + v + 2 - v+ x v + 2 )]| £ ft l5 a 2 £ h 2 } 

= {[M«! M«2 > /< < 2 ]’[ v «i + v « 2 _ v «i v «2 > v «i + _ v ^i v ^ 2 ]| a i £ &i> a 2 G M 

(^l©^) U (fti ® ft 2 )= {[lia! + li«2 - h^ha^h^ + hJ 2 - <2^J'[ V «2 V «1 ' V «2 V «Jl a l £ ^l’ a 2 G h 2 }U 

{[ Maj ha 2 , +V " 2 - V^V”.,, V+ + V+ - V+V+J]^ £ ft 1; « 2 £ ft 2 } 

{ [iTIciX ( ha^ + It a2 Ih^ha^ •> ftcci l^a 2 ) ? ITltlX ([l ai + lt a2 ha 2 ha^ ? / 2 a 2 )]? 

[ min (v- , v“ + v “ 2 - v “ v “ 2 ), min(v + 2 v+ t , v,+ + v + 2 - v,+ v + 2 )](«! £ ft l5 a 2 £ h 2 } 

~\[hai ~h ha2 ha2 hai ' hai ha2 ha2 M-ct 1 1 ? t a 2 ^a\^^a 2 G CC 2 £ fo 2 } 



t((hi©h 2 ) u ( h x ® h 2 )) @ (( ^©^2) 0(^0 h 2 ))={[ 



/'a 1 /'a 2 + % + ^ 2 -^ 2^1 



v« 1 +Vtt2~ V «l V «2 + v «2 V «1 v «i +v «2 ~ v «l v a2 +V «2 V «1 



]| «i e h x ,a 2 g h 2 } 



]| a x £ h 1 ,a 2 £ h 2 } 



Hence ,( ((/t!©ft 2 ) U ( (x) /i 2 )) @ (( h i@h 2 ) Pi ( /i 1 ® h 2 )) = It !@ft 2 
This proves (ii). 
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4. Conclusion 

In this paper, we have defined four new operations on 
interval valued intuitionistic hesitant fuzzy sets which 
involve different defining functions. Some related results 
have been proved and the characteristics of the interval 
valued intuitionistic hesitant fuzzy sets have been brought 
out.. 
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